Introduction {#Sec1}
============

One of the most important tasks in quantum information theory is a problem of distinguishability of quantum channels \[[@CR1], [@CR2]\]. Imagine we have an unknown device, a black-box. The only information we have is that it performs one of two channels, say $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi $$\end{document}$ perfectly, i.e. with probability equal to one. Helstrom's result \[[@CR3]\] gives the analytical formula for upper bound of probability of discrimination quantum channels using the special operators norm called diamond norm or sometimes referred to as completely bounded trace norm \[[@CR4]\]. The Holevo-Helstrom theorem says that the quantum channels $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ are perfectly distinguishable if and only if the distance between them is equal two by using diamond norm. In general, numerical computing of diamond norm is a complex task. Therefore, researchers were limited to smaller classes of quantum channels. One of the first results was the study of discrimination of unitary channels $\documentclass[12pt]{minimal}
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The situation in which zero belongs to numerical range of unitary matrix *U* paves the way toward simple calculating of probability of discrimination unitary channels without the necessity of computing the diamond norm. Now consider the following scenario. We have two quantum channels $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _U$$\end{document}$ and perfectly. Therefore, we can assume some kind of noise and consider the unitary channel $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi _V$$\end{document}$ instead of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi _U$$\end{document}$ such that the distance between unitary matrix *V* and *U* is relative small where at the same time zero belongs in numerical range of *V*. Such a unitary matrix *V* will be called perturbation of *U*.

In this work we are interested in determining the perturbation form of *V*. Our motivation is two-fold. On the one hand considering the unitary channels $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _V$$\end{document}$ and we know that they will be perfectly distinguishable. On the other hand our method of computing *V* does not change the measurement result in standard basis.

Our work is naturally divided into three parts. In the first part we show the mathematical preliminaries needed to present our main result. The second part presents the theorem which gives us the method of manipulation of numerical range of unitary matrices. In third part we show the example illustrative our theorem. Concluding remarks and some future work are presented in the end of our work.

Mathematical Preliminaries {#Sec2}
==========================

Let us introduce the following notation. Let $\documentclass[12pt]{minimal}
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In our setup we consider the space $\documentclass[12pt]{minimal}
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We will study how the numerical range *W*(*U*(*t*)) will be changed depending on parameter *t*. Let $\documentclass[12pt]{minimal}
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Main Result {#Sec3}
===========

In this section we will focus on the behavior of the spectrum of the unitary matrices *U*(*t*), which will reveal the behavior of *W*(*U*(*t*)) for relatively small parameter *t*. Without loss of generality we can assume that $\documentclass[12pt]{minimal}
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Conclusion and Discussion {#Sec5}
=========================

In this work we considered an approach to manipulation of the numerical range of unitary matrices. That was done by multiplying given unitary matrix *U* by some unitary matrix *E* which is diagonal in the fixed computational basis (we took the standard basis) and is relatively close to identity matrix. We established differential equations describing behavior of eigenvalues and presented their approximated solutions, which we find useful in numerical calculations. Our motivation was to find for given unitary matrix *U* the closest unitary matrix of the form $\documentclass[12pt]{minimal}
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The results in Theorem [1](#FPar1){ref-type="sec"} are suitable to solve various tasks. For example, one would like to maximize the distance between the numerical range and the point zero. Such task was introduced in \[[@CR14]\] and plays crucial role in calculating diamond norm of difference of two von Neumann measurements.

In the end, we would like to note that solving numerical tasks with the use of postulates (*d*) and (*e*) of Theorem [1](#FPar1){ref-type="sec"} requires one to find the bounds on maximal value of the parameter *t* still allowing to apply these results. Such bounds should depend on variability of functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \mapsto |\left\langle {i}|{x_j(t)}\right\rangle |^2$$\end{document}$. Numerical analysis (e.g. Fig. [2](#Fig2){ref-type="fig"}) shows smoothness of functions of this type, giving an argument for existence of practical bounds and hence providing direction of future research.

A Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec6}
==============================================

Proof {#FPar2}
-----
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(*c*) Fix some eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r(\lambda )=k$$\end{document}$. We introduce the notation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi =I_{U,\lambda }I_{U,\lambda }^\dagger $$\end{document}$. We consider the subspace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\left| {x}\right\rangle : D_+\left| {x}\right\rangle =0, \varPi \left| {x}\right\rangle =\left| {x}\right\rangle \}$$\end{document}$ along with projection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi _0$$\end{document}$ on this subspace. Denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi _+=\varPi -\varPi _0$$\end{document}$. Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c:=\min _{\left| {x}\right\rangle : \varPi _+\left| {x}\right\rangle =\left| {x}\right\rangle ,\Vert \left| {x}\right\rangle \Vert _2=1} \left\langle {x}\right| D_+\left| {x}\right\rangle . \end{aligned}$$\end{document}$$One can note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$. Take unit vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| {x}\right\rangle $$\end{document}$ and define . First of all, we will show that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\lambda -\left\langle {x}\right| U\left| {x}\right\rangle |=\epsilon $$\end{document}$. Direct calculations reveal thatIf $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert v\Vert =0$$\end{document}$ the statement is true, so assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert v\Vert \not =0$$\end{document}$. We obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \epsilon =|\lambda \left\langle {v}|{-}\right\rangle \left\langle {v}\right| U\left| {v}\right\rangle |\ge \left\langle {v}|{v}\right\rangle \mathrm {dist}(\lambda ,\mathrm {conv}(\lambda _{k+1},\ldots ,\lambda _d))>0, \end{aligned}$$\end{document}$$which finishes this part of proof.

In the second part we will check the behavior of points $\documentclass[12pt]{minimal}
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(*f*) This relation follows from (*e*).
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